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Abstrat
In this paper the massive neutrinos model arising due to the Snyder
nonommutative geometry, proposed reently by the author is partially
developed. By straightforward alulation it is shown that the masses
of the hiral left- and right-handed Weyl elds treated as parameters
xed by experiments, lead to the onsistent physial piture of the
nonommutative geometry, and onsequently yield renormalization of
an energy of a relativisti partile and exat integrability within the
proposed model. This feature of the model in itself both denes and
emphasizes its signiane and possible usefulness for both theory as
well as phenomenology for high energy physis and astrophysis.
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1 Introdution
It was established reently by the author that the Dira equation modied
by the γ5-term arising due to the Snyder nonommutative geometry model,
yields the onventional Dira theory with nonhermitian mass, or equivalently
to the massive neutrinos model given by the Weyl equation with a diagonal
and hermitian mass matrix. The model desribes 4 massive hiral elds re-
lated to any original, i.e. non-modied, massive or massless quantum state.
Due to spontaneous global hiral symmetry breaking mehanism it leads to
the isospin-symmetri eetive eld theory, that is omposed hiral onden-
sate of massive neutrinos. All these results violate CP symmetry manifestly,
however, their possible physial appliation an be onsidered in a diverse
way. On the one hand the eetive theory is beyond the Standard Model,
yet an be onsidered as its part due to the nonommutative geometry model
ontribution. On the other in the massive neutrinos model masses of the two
left- and two right-handed hiral Weyl elds arise due to mass and energy
of an original state, and a minimal sale (e.g. the Plank sale), and its
quantum mehanial fae beomes the mysti riddle.
This paper is mostly onentrated on the quantum mehanis aspet. It
is shown that the model in itself yields onsistent physial explanation of the
Snyder nonommutative geometry model and onsequently leads to energy
renormalization of an original quantum relativisti partile. Computations
arising diretly from the Shrödinger formulation of both the Dira and the
Weyl equations, are presented. First, the manifestly non hermitian modied
Dira Hamiltonian is disussed. Its integrability is formulated by straight-
forward appliation of the Zassenhaus formula for exponentialization of sum
of two nonommuting operators. It is shown, however, that this approah
does not lead to well-dened solutions; for this ase the exponents are still
sums of two nonommuting operators, so that this proedure has a yli
problem whih an not be nished, and by this reason is not algorithm. For
solving the problem instead of the Dira equation we employ the Weyl equa-
tion with pure hermitian mass matrix rewritten in the Shrödinger form. Its
integration is straightforward and elementary. We present omputations in
both the Dira and the Weyl representations of the Dira gamma matries.
The paper is organized as follows. The Setion 2 presents the motivation
for further studies - the massive neutrinos model is realled briey. Next, in
the Setions 3 partile's energy renormalization is disussed. In the Setion
4 we present integrability problem for the modied Dira equation. Setion
5 is devoted for the massive Weyl equation integrability, and the Setion 6
disusses some speial ase related to ultra-high energy physis. Finally in
the Setion 7 the results of the entire paper are summarized briey.
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2 The massive neutrinos model
Let us reall briey the massive neutrinos model resulting from [1℄. The
starting point is the nonommutative geometry model [2℄ of phase-spae and
spae of a relativisti partile due to a fundamental sale ℓ proposed by
Snyder [3℄ (Cf. also Ref. [4℄), and given by the following lattie model [5℄
x = ndx , dx = ℓ , n ∈ Z −→ ℓ = l0
n
e1/n , lim
n→∞
ℓ = 0, (1)
where l0 > 0 is a onstant, together with the De Broglie formula relating the
oordinate x with its onjugate momentum p
p =
~
x
. (2)
Appliation of the Kontsevih star-produt [6℄ to the phase spae (x, p) and
two spae points x and y
x ⋆ p = px+
∞∑
n=1
(
αi~
2
)n
Cn(x, p), (3)
x ⋆ y = xy +
∞∑
n=1
(
iβ
2
)n
Cn(x, y), (4)
where for orretness α ∼ 1, β are dimensionless onstants, and Cn(f, g) are
the Hohshild ohains, is yielding to the deformed Lie brakets (For review
of deformation quantization see e.g. Ref. [7℄)
[x, p]⋆ = [x, p] +
∞∑
n=1
(
αi~
2
)n
Bn(x, p), (5)
[x, y]⋆ = [x, y] +
∞∑
n=1
(
iβ
2
)n
Bn(x, y), (6)
where Bn(f, g) ≡ Cn(f, g) − Cn(g, f) are the Chevalley ohains. Using
[x, p] = −i~ and [x, y] = 0, and doing the rst approximation one obtains
[x, p]⋆ = −i~ +
αi~
2
B1(x, p) , [x, y]⋆ =
iβ
2
B1(x, y). (7)
or in the Dira method of lassial analogy form [8℄
1
i~
[p, x]⋆ = 1−
α
2
B1(x, p) ,
1
i~
[x, y]⋆ =
β
2~
B1(x, y). (8)
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Beause, for any f, g ∈ C∞(M) holds B1(f, g) = 2θ(df ∧ dg), one obtains
1
i~
[p, x]⋆ = 1−
α
~
(dx ∧ dp) , 1
i~
[x, y]⋆ =
β
~
dx ∧ dy, (9)
where ~ in rst relation was introdued for dimensional orretness. Applying
now the lattie model (1) and the De Broglie relation (2) one reeives
i
~
[x, p]⋆ = 1 +
α
~2
ℓ2p2 ,
i
~
[x, y]⋆ = −
β
~
ℓ2, (10)
that denes the Snyder model. Note that this model was studied in some
aspet by previous authors [9℄, but the model is related to this diretion to a
slight degree. The model developed in this paper arise mostly from the idea
of the papers [1℄.
If we onsider ℓ as a minimal sale, e.g. Plank or Compton sale, then
the model (10) an be rewritten in terms of the maximal energy ǫ
i
~
[x, p] = 1 +
1
ǫ2
c2p2 ,
i
~
[x, y] = O
(
1
ǫ2
)
, ǫ ≡ ~c√
αℓ
. (11)
The lattie model (11) straightforwardly yield the ontribution to the Ein-
stein Hamiltonian onstraint of Speial Relativity
E2 − c2p2 ≡ (γµpµ)2 = m2c4 + 1
ǫ2
c4p4 , pµ = [E, cp], (12)
where m and E are mass and energy of a partile, and onsequently leads to
the generalized Sidharth γ5-term within the usual Dira equation(
γµpˆµ ±mc2 ± 1
ǫ
c2pˆ2γ5
)
ψ = 0 , pˆµ = i~[∂0, c∂i], (13)
violating the Lorentz symmetry manifestly. In fat the equation (13) de-
sribes 4 ases, that are dependent on the hoie of the signs of mass m and
the γ5-term. Here we will onsider, however, positive signs ase only. The
negative ones are due to the hanges ǫ → −ǫ and m → −m in the results
obtained from the positive signs ase.
Preservation of the Minkowski momentum spae struture within the
modied Einstein onstraint (12)
pµp
µ = (γµpµ)
2 = m2c4, (14)
moves bak onsiderations to the generi Einstein theory with ǫ ≡ ∞, while
appliation of the hyperboli relation (14) within the modied Dira equation
(13) leads to two the onventional Dira theories(
γµpˆµ +M±c
2
)
ψ± = 0, (15)
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where ψ± are the Dira elds related to the nonhermitian mass matriesM±,
that in general are dependent on an energy E and a mass m of an original
quantum relativisti partile. It is of ourse the ase of positive signs in the
equation (13). In fat for any signs ase there 2 the Dira elds, so that the
equation (13) desribes 8 the Dira elds.
With using of the basis of projetors, M± an be deomposed as follows
M± = µ
±
R
1 + γ5
2
+ µ±L
1− γ5
2
, (16)
µ±R = −
1
c2
( ǫ
2
±
√
ǫ2 − 4ǫmc2 − 4E2
)
, (17)
µ±L =
1
c2
( ǫ
2
±
√
ǫ2 + 4ǫmc2 − 4E2
)
, (18)
where µ±R,L are the projeted masses, or equivalently an be presented as a
sum of its hermitian H(M) and antihermitian A(M) parts
M± = H(M±) + A(M±), (19)
H(M±) =
µ±R + µ
±
L
2
14 , A(M±) =
µ±R − µ±L
2
γ5. (20)
Introduing the hiral right- and left-handed Weyl elds ψ±R,L related to the
Dira eld ψ± aording to the standard transformation ψ±R,L =
1± γ5
2
ψ±
one obtains two the massive Weyl equations with diagonal and hermitian
mass matries µ±(
γµpˆµ + µ±c
2
) [ ψ±R
ψ±L
]
= 0 , µ± =
[
µ±R 0
0 µ±L
]
, (21)
so that we have totally 16 hiral elds desribing by the Weyl equations (21)
reeived from the Dira equations (13). The massive Weyl theories (21) are
the EulerLagrange equations of motion for the gauge eld theory with hiral
symmetry SU(3)TOTC = SU(3)
+
C ⊕ SU(3)−C
L = L+ + L−, (22)
where L± are the Lagrangians assoiated with the elds ψpmR,L as follows
L± = ψ¯±Rγµpˆµψ±R + ψ¯±Lγµpˆµψ±L + µ±Rc2ψ¯Rψ±R + µ±Lc2ψ¯Lψ±L , (23)
whih is spontaneously broken to the omposed gauge eld theory with the
isospin symmetry SU(2)TOTV = SU(2)
+
V ⊕ SU(2)−V
L = ψ¯+ (γµpˆµ + µ+effc2)ψ+ + ψ¯− (γµpˆµ + µ−effc2)ψ− = (24)
= Ψ¯
(
γµpˆµ +Meffc
2
)
Ψ, (25)
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where µ±eff are the eetive mass matries of the gauge elds ψ
±
, and Meff
is the mass matrix of the eetive omposed eld Ψ =
[
ψ+
ψ−
]
given by
µ±eff =
µ±R − µ±L
2
γ5 , Meff =
[
µ+eff 0
0 µ−eff
]
. (26)
The Lagrangian (25) desribes the eetive eld theory  omposed hiral
ondensate of massive neutrinos.
In this paper we will onsider both the Dira equations (15) and the
massive Weyl equations (21), but we are not going to disuss the gauge eld
theory (25) that will be studying in our next topial papers. We will assume
that both the neutrinos masses (17) and (18) are real numbers, i.e. we will
onsider situation when the maximal energy ǫ deforming Speial Relativity
is determined by a relativisti partile harateristis as follows
ǫ ∈

−∞,−2mc2

1 +
√
1 +
(
E
mc2
)2

 ∪
∪

−2mc2

1−
√
1 +
(
E
mc2
)2 , 2mc2

1 +
√
1 +
(
E
mc2
)2

 ∪
∪

2mc2

1 +
√
1 +
(
E
mc2
)2 ,∞

 , (27)
or for the ase of massless relativisti partile possessing an energy E is
ǫ ∈ (−∞,−2|E|] ∪ [2|E|,∞) . (28)
3 Energy renormalization
In fat existene of the massive neutrinos allows to explain in a onsistent
physial way the nature of the Snyder nonommutative geometry model. Let
us see that by diret elementary algebrai manipulations the relations for
masses of left- and right- hiral Weyl elds (17) and (18) an be rewritten in
the form of the system of equations

(
µ±Rc
2 +
ǫ
2
)2
= ǫ2 − 4ǫmc2 − 4E2(
µ±Lc
2 − ǫ
2
)2
= ǫ2 + 4ǫmc2 − 4E2
(29)
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whih allows to study dependene of the deformation energy parameter ǫ
and the partile energy E from the masses m,µ±R, µ
±
L treated as physially
measurable quantities. By subtration of the seond equation from the rst
one (29) one establishes the relation(
µ±Lc
2 − ǫ
2
)2
−
(
µ±Rc
2 +
ǫ
2
)2
= 8ǫmc2, (30)
whih after appliation of elementary algebrai manipulations allows to derive
the deformation energy in the Snyder model (11) as
ǫ =
(
µ±L − µ±R
)
c2
1− 8m
µ±L + µ
±
R
. (31)
A maximal energy (31) does not vanish for all µ±L 6= µ±L 6= 0, and is nite for
all µ±R + µ
±
L 6= 8m. Here m is the mass of an original quantum state, and
both µ±R and µ
±
L are assumed as physial quantities. In supposition all the
masses an be xed by experiments. In the ase, when an original state is
massless, one obtains
ǫ(m = 0) =
(
µ±L − µ±R
)
c2 ≡ ǫ0, (32)
that is nite and non vanishing for nite µ±R 6= 0 and µ±L 6= 0. In this manner
we have
ǫ = ǫ0
[
1 +
8m
µ±R + µ
±
L
+O
((
8m
µ±R + µ
±
L
)2)]
, (33)
for all |µ±R + µ±L | > 8m, and
ǫ = ǫ0
[
µ±R + µ
±
L
8m
+O
((
µ±R + µ
±
L
8m
)2)]
, (34)
for all |µ±R + µ±L | < 8m. On the other hand, however, addition of the seond
equation to the rst one in (29) gives the relation(
µ±Lc
2 − ǫ
2
)2
+
(
µ±Rc
2 +
ǫ
2
)2
= 2
(
ǫ2 − 4E2) , (35)
whih an be treated as the onstraint for the energy E of a relativisti
partile, immediately solved with respet E, and presented in the anonial
quadrati form with respet to the energy parameter ǫ
E2 =
3
16
{[
ǫ+
µ±L − µ±R
3
c2
]2
−
[
µ±L − µ±R
3
c2
]2 [
7 +
12µ±Lµ
±
R(
µ±L − µ±R
)2
]}
. (36)
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By appliation of the deformation parameter energy (31) into the energeti
onstraint of a relativisti partile (36) one obtains the formula
E2 =
[(
µ±L − µ±R
)
c2
]2
48




4− 8m
µ±L + µ
±
R
1− 8m
µ±L + µ
±
R


2
−
[
7 +
12µ±Lµ
±
R(
µ±L − µ±R
)2
]
 , (37)
whih for the ase of originally massless state redues into the form
E2(m = 0) =
1
16
[(
µ±L − µ±R
)
c2
]2 [
3− 4 µ
±
Lµ
±
R(
µ±L − µ±R
)2
]
≡ E20 . (38)
In fat, for given E0 the equation (38) an be used for establishment of the
relation between masses of the neutrinos. In result one reeives two possible
solutions
µ±R =
4
3
µ±L

5
4
±
√
1 + 3
(
µ0
µ±L
)2 , µ0 ≡ E0
c2
, (39)
whih are minimized for the value µ0 ≡ 0 by the values
µ±R =
{
3µ±L ,
1
3
µ±L
}
. (40)
Interestingly, there is a possibility of the one solution between the masses µ±L
and µ±R that is given by putting µ0 as a tahyoni mass
µ0 = i
µ±L√
3
, (41)
and results in the relation
µ±R =
5
3
µ±L . (42)
For all |µ±R + µ±L | > 8m the onstraint (37) an be approximated by
E2 −E20 =
(
µ±L − µ±R
2
c2
)2 [
2
8m
µ±L + µ
±
R
+O
[(
8m
µ±L + µ
±
R
)2]]
, (43)
and for |µ±R + µ±L | < 8m the leading approximation is
E2 −E20 =
(
µ±L − µ±R
2
c2
)2 [
−5
4
− 1
2
8m
µ±L + µ
±
R
+O
[(
8m
µ±L + µ
±
R
)2]]
, (44)
8
L. A. Glinka / Energy renormalization and integrability within the massive neutrinos model
From the relation (35) one sees that, beause the LHS as a sum of two squares
of real numbers is always positive, it follows that the RHS must be positive
also. In result we obtain the renormalization of a relativisti partile's energy
E values
− ǫ
2
6 E 6
ǫ
2
, (45)
Naturally, for the generi ase of Speial Relativity we have ǫ ≡ ∞ and by
this energy E values are not limited. In this manner, in fat the Snyder
nonommutative geometry results in energy renormalization of a relativisti
partile.
4 Integrability I: The Dira equation
The modied Dira equation (15) an be straightforwardly rewritten in the
Shrödinger evolutionary equation form (See e.g. the papers [11℄ and the
books [12℄)
i~∂0ψ
± = Hˆψ±, (46)
where in the present ase the Hamilton operator Hˆ an be established as
Hˆ = −i~cγ0γi∂i − µ
±
L + µ
±
R
2
c2γ0 +
µ±L − µ±R
2
c2γ0γ5, (47)
and splitted into its hermitian H(Hˆ) and antihermitian A(Hˆ) parts
Hˆ = H(Hˆ) + A(Hˆ), (48)
H(Hˆ) = −i~cγ0γi∂i − µ
±
L + µ
±
R
2
c2γ0, (49)
A(Hˆ) =
µ±L − µ±R
2
c2γ0γ5, (50)
with (anti)hermitiity dened standardly∫
d3xψ¯±H(Hˆ)ψ± =
∫
d3xH(Hˆ)ψ±ψ±, (51)∫
d3xψ¯±A(Hˆ)ψ± = −
∫
d3xA(Hˆ)ψ±ψ±. (52)
Note that in the ase of equal masses µ±R = µ
±
L ≡ µ the antihermitian part
(50) vanishes identially, so that the hermitian one (49) gives the full ontri-
bution, and onsequently (48) beomes the usual Dira Hamiltonian
HˆD = −γ0
(
i~cγi∂i + µc
2
)
. (53)
9
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For this usual ase, however, from (31) one onludes that
ǫ ≡ 0, (54)
so in fat the minimal sale beomes innite formally ℓ ≡ ∞, and by (37)
relativisti partile's energy beomes E = i
1
2
µc2 with some mass µ. If we,
however, take into aount the tahyoni mass ase µ → iµ = µ′ then (53)
beomes
HˆD = −γ0
(
i~cγi∂i + iµ
′c2
)
, (55)
and E ≡ 1
2
µ′c2. The relation (45), however, is not validate in this ase.
The full modied Hamiltonian (47) has nonhermitian harater evidently,
so onsequently the time evolution (46) is manifestly non unitary. Its formal
integration, however, an be arried out in the usual way with the following
time evolution operator
ψ±(x, t) = G(t, t0)ψ
±(x, t0) , G(t, t0) ≡ exp
{
− i
~
∫ t
t0
dτHˆ(τ)
}
. (56)
By this reason, the integrability problem for (46) is ontained in the appro-
priate Zassenhaus formula
exp {A +B} = exp(A) exp(B)
∞∏
n=2
expCn, (57)
C2 = −1
2
C, (58)
C3 = −1
6
(2[C,B] + [C,A]), (59)
C4 = − 1
24
([[C,A], A] + 3[[C,A], B] + 3[[C,B], B]), (60)
. . .
where C = [A,B]. By the formula (56) one has identiation
A ≡ A(t) = − i
~
∫ t
t0
dτH(Hˆ)(τ), (61)
B ≡ B(t) = − i
~
∫ t
t0
dτA(Hˆ)(τ), (62)
so that the ommutator C is established as
C = − 1
~2
∫ t
t0
dτ ′
∫ t
t0
dτ ′′C (τ ′, τ ′′) , (63)
10
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where
C (τ ′, τ ′′) ≡
[
H(Hˆ)(τ ′),A(Hˆ)(τ ′′)
]
. (64)
Straightforward alulation of C an be done by elementary algebra
C =
(
i~
µ±R − µ±L
2
c3∂i
)
γ0γiγ0γ5 +
(
(µ±R)
2 − (µ±L)2
4
c4
)
γ0γ0γ5 − (65)
−
(
i~
µ±R − µ±L
2
c3∂i
)
γ0γ5γ0γi −
(
(µ±R)
2 − (µ±L)2
4
c4
)
γ0γ5γ0 = (66)
= 2
(
i~
µ±R − µ±L
2
c3∂i
)
γ0γiγ0γ5 + 2
(
(µ±R)
2 − (µ±L)2
4
c4
)
γ0γ0γ5,(67)
where we have applied the relations
γ0γ5γ0γi = −γ0γiγ0γ5 , γ0γ5γ0 = −γ0γ0γ5, (68)
arising by employing the usual Cliord algebra of the Dira matries
{γµ, γν} = 2ηµν14 ,
{
γ5, γµ
}
= 0 , γ5 = iγ0γ1γ2γ3. (69)
So, onsequently one obtains the result
C(τ ′, τ ′′) = 2H(Hˆ)(τ ′)A(Hˆ)(τ ′′), (70)
that leads to the equivalent statement  for any times τ ′ and τ ′′ the Poisson
braket between the hermitian H(Hˆ)(τ ′) and the antihermitian A(Hˆ)(τ ′′)
parts of the total Hamiltonian (48) is trivial{
H(Hˆ)(τ ′),A(Hˆ)(τ ′′)
}
= 0. (71)
Naturally, by simple fatorization one obtains also
C = 2AB , {A,B} = 0, (72)
and onsequently
[C,A] = CA, (73)
[C,B] = CB, (74)
[[C,A] , A] = 2 [C,A]A, (75)
[[C,A] , B] = 2 [C,A]B, (76)
[[C,B] , A] = 2 [C,B]A, (77)
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and so on. In result the 4th order approximation of the Zassehnaus formula
(57) in the present ase is
exp {A+B} ≈ exp(A) exp(B) expC2 expC3 expC4, (78)
C2 = −1
2
C, (79)
C3 = −1
6
(CA+ 2CB), (80)
C4 = − 1
12
(
CA2 + 3CB2 +
3
2
C2
)
. (81)
For the ase of onstant in time masses µ±R and µ
±
L one determine the relations
A =
i
~
(t− t0)
(
−i~cγi∂i + µ
±
L + µ
±
R
2
c2
)
γ0, (82)
B =
i(µ±L − µ±R)c2
2~
(t− t0)γ5γ0, (83)
C =
(µ±L − µ±R)c2
~2
(t− t0)2
(
−i~cγi∂i + µ
±
L + µ
±
R
2
c2
)
γ5, (84)
and onsequently by elementary algebrai manipulations one establishes the
Zassenhaus exponents as
C2 = −(µ
±
L − µ±R)c2
2~2
(t− t0)2
(
−i~cγi∂i + µ
±
L + µ
±
R
2
c2
)
γ5, (85)
C3 = − i
6~3
(µ±L − µ±R)c2(t− t0)3
(
−i~cγi∂i + µ
±
L + µ
±
R
2
c2
)
×
×
[(
−i~cγi∂i + µ
±
L + µ
±
R
2
c2
)
γ5 + (µ±L − µ±R)c2
]
γ0, (86)
C4 =
(µ±L − µ±R)c2
12~4
(t− t0)4
(
−i~cγi∂i + µ
±
L + µ
±
R
2
c2
)
×
×
{[(
−i~cγi∂i + µ
±
L + µ
±
R
2
c2
)2
+ 3
(
µ±L − µ±R
2
c2
)2]
γ5 +
+ 3
µ±L − µ±R
2
c2
(
−i~cγi∂i + µ
±
L + µ
±
R
2
c2
)}
. (87)
Exponents Cn show in a manifest way that the integrability problem is not
well dened. Namely, the Zassenhaus oeients Cn are still a sums of two
nonommuting operators. The fundamental stage, i.e. the exponentialization
proedure, must be applied again, so that onsequently in the next step one
has the same problem, i.e. the yli problem. Therefore this reurrene is
not algorithm, that is the symptom of non integrability of (46).
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5 Integrability II: The Weyl equation
For solving the problem, let us onsider the integrability proedure with
respet to the massive Weyl equation (21). This equation an be straightfor-
wardly rewritten in the form of the Shrödinger time evolution
i~∂0
[
ψ±R(x, t)
ψ±L (x, t)
]
= Hˆ (∂i)
[
ψ±R(x, t)
ψ±L (x, t)
]
, (88)
where the hermitian Hamilton operator Hˆ denes to the unitary evolution
Hˆ = −γ0
(
i~cγi∂i +
[
µ±Rc
2 0
0 µ±Lc
2
])
, (89)
so that the integration an be done in the usual quantum mehanial way.
Integrability of (88) is well dened. The solutions are[
ψ±R(x, t)
ψ±L (x, t)
]
= U(t, t0)
[
ψ±R(x, t0)
ψ±L (x, t0)
]
, (90)
where U(t, t0) is the unitary time-evolution operator, that for the onstant
masses is expliitly given by
U(t, t0) = exp
{
− i
~
(t− t0)Hˆ
}
, (91)
and ψ±R,L(x, t0) are the initial time t0 eigenstates with dened momenta
i~σi∂iψ
±
R,L(x, t0) = p
±
R,L
0
ψ±R,L(x, t0), (92)
where the momenta p±R
0
and p±L
0
are related to the right- ψ±R(x, t0) or left-
handed ψ±L (x, t0) hiral elds, respetively. The eigenequation (92), however,
an be straightforwardly integrated. The result an be presented in the
ompat form
ψ±R,L(x, t0) = exp
{
− i
~
p±R,L
0
(x− x0)iσi
}
ψ±R,L(x0, t0), (93)
or after diret exponentialization
ψ±R,L(x, t0) =
{
12 cos
∣∣∣∣∣p
±
R,L
0
~
(x− x0)i
∣∣∣∣∣−
− i
[
p±R,L
0
~
(x− x0)iσi
] sin
∣∣∣∣∣p
±
R,L
0
~
(x− x0)i
∣∣∣∣∣∣∣∣∣∣p
±
R,L
0
~
(x− x0)i
∣∣∣∣∣
}
ψ±R,L(x0, t0). (94)
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Currently the embarrassing problem presented in the integration proedure
of the Dira equation, disussed in the previous setion, is absent. The
Zessenhaus formula is not troublesome now beause the matrix γ5 is by def-
inition inluded into the Weyl elds, so that the Hamilton operator (89) is
pure hermitian, and onsequently the exponentialization (91) an be done
is the usual way. At rst glane, however, the mass matrix presene in the
Hamilton operator (89) auses that one hooses at least two nonequivalent
representations of the Dira γ matries. Straightforward analogy to the mass-
less Weyl equation says that the appropriate hoie is the Weyl basis. On the
other hand, however, the Hamilton operator (89) is usual hermitian Dira
Hamiltonian, so onsequently the Dira basis is the right representation. In
this manner, in fat, we should onsider rather both the hiral elds and the
time evolution operator (91) stritly related the hosen representation (r)
U(t, t0) → U r(t, t0), (95)
ψ±R,L(x, t0) → (ψ±R,L)r(x, t0), (96)
ψ±R,L(x0, t0) → (ψ±R,L)r(x0, t0) (97)
where the upper index r = D,W means that the quantities are taken in the
Dira or the Weyl basis. The eigenequation (92), however, is independent
on the representation hoie, so that it physial ondition - the elds have
measurable momenta p±R,L
0
. For full orretness, let us test both hoies.
5.1 The Dira basis
The Dira basis of the gamma matries is dened as
γ0 =
[
I 0
0 −I
]
, γi =
[
0 σi
−σi 0
]
, γ5 =
[
0 I
I 0
]
, (98)
where I is the 2× 2 unit matrix, and σi = [σx, σy, σz] is a vetor of the 2× 2
Pauli matries
σx =
[
0 1
1 0
]
, σy =
[
0 −i
i 0
]
, σz =
[
1 0
0 −1
]
. (99)
Consequently, by using of (98) the Hamilton operator (89) beomes
Hˆ =

 µ±R i
~
c
σi∂i
i
~
c
σi∂i −µ±L

 c2, (100)
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and for the ase of onstant in time neutrinos masses yields a solution by the
unitary time evolution operator U
UD = exp

−i
c2
~
(t− t0)

 µ±R i
~
c
σi∂i
i
~
c
σi∂i −µ±L



 . (101)
After straightforward exponentialization (101) an be written in the ompat
form
UD =
{[
I 0
0 I
]
cos

t− t0
~
c2
√(
µ±R + µ
±
L
2
)2
+
(
i
~
c
σi∂i
)2−
− i


µ±L + µ
±
R
2
i
~
c
σi∂i
i
~
c
σi∂i −µ
±
L + µ
±
R
2

×
×
sin

 t− t0
~
c2
√(
µ±R + µ
±
L
2
)2
+
(
i
~
c
σi∂i
)2
√(
µ±R + µ
±
L
2
)2
+
(
i
~
c
σi∂i
)2
}
×
× exp
{
−i(µ
±
R − µ±L)c2
2~
(t− t0)
}
, (102)
where we understand the all the funtions are treated by the appropriate
Taylor series expansions.
5.2 The Weyl basis
Equivalently, however, one an onsider employing of the Weyl representation
of the Dira γ matries. This basis is dened as
γ0 =
[
0 I
I 0
]
, γi =
[
0 σi
−σi 0
]
, γ5 =
[ −I 0
0 I
]
. (103)
For the hoie of a representation in the form (103) the massive Weyl equation
(88) is governed by the Hamilton operator (89) having the following form
Hˆ =

 i
~
c
σi∂i −µ±L
−µ±R −i
~
c
σi∂i

 c2. (104)
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Consequently, for the ase of onstant in time neutrinos masses one estab-
lishes the unitary time evolution operator in the following formal form
UW = exp

−i
c2
~
(t− t0)

 i
~
c
σi∂i −µ±L
−µ±R −i
~
c
σi∂i



 , (105)
whih after straightforward elementary exponentialization proedure an be
presented in the form
UW =
[
I 0
0 I
]
cos

t− t0
~
c2
√
µ±Lµ
±
R +
(
i
~
c
σi∂i
)2−
− i

 i
~
c
σi∂i −µ±L
−µ±R −i
~
c
σi∂i

×
×
sin

 t− t0
~
c2
√
µ±Lµ
±
R +
(
i
~
c
σi∂i
)2
√
µ±Lµ
±
R +
(
i
~
c
σi∂i
)2 . (106)
Evidently, time evolution operator derived in the Weyl representation
(106) has simpler form then its Dira's equivalent (102). In this way the
hoies are not physially equivalent, i.e. will yield dierent solutions of
the same equation. It is not, however, the strangest result. Namely, both
the hoies an be related to physis in dierent energy regions. So that it
is useful to solve the massive Weyl equation in both mentioned representa-
tions. It must be emphasized that stritly speaking the results obtained in
this subsetion are related to the massive Weyl equations presented in the
Shrödinger time-evolution form (88).
5.3 The spae-time evolution
Presently, one an employ the results reeived above, i.e. the momentum
eigenequations (92), the spatial evolutions (93), and the unitary time evolu-
tion operators (102) and (106), for an exat determination of the appropriate
solutions of the massive Weyl equation (88) in both the Dira and the Weyl
representations of the Dira gamma matries.
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5.3.1 Dira-like solutions
Applying rst the Dira representation, by elementary algebrai manipula-
tions one reeives straightforwardly the right-handed hiral Weyl elds in the
following form
(ψ±R)
D(x, t) =
{[
cos
[
t− t0
~
ED(p±R
0
)
]
−
− iµD±c2
sin
[
t− t0
~
ED(p±R
0
)
]
ED(p±R
0
)
]
exp
{
− i
~
p±R
0
(x− x0)iσi
}
(ψ±R)
D
0 −
− ip±L 0c
sin
[
t− t0
~
ED(p±L
0
)
]
ED(p±L
0
)
exp
{
− i
~
p±L
0
(x− x0)iσi
}
(ψ±L )
D
0
}
×
× exp
{
−i(µ
±
R − µ±L)c2
2~
(t− t0)
}
, (107)
where for shorten notation (ψ±R,L)
D
0 = (ψ
±
R,L)
D(x0, t0), µ
D
± =
µ±R + µ
±
L
2
and
ED(p±R
0
) ≡ c2
√√√√(µD±)2 +
(
p±R
0
c
)2
. (108)
Similarly, the left-handed hiral Weyl elds also an be determined in an
exat way, the result is analogial to the right-handed ase
(ψ±L )
D(x, t) =
{[
cos
[
t− t0
~
ED(p±L
0
)
]
+
+ iµD±c
2
sin
[
t− t0
~
ED(p±L
0
)
]
ED(p±L
0
)
]
exp
{
− i
~
p±L
0
(x− x0)iσi
}
(ψ±L )
D
0 −
− ip±R0c
sin
[
t− t0
~
ED(p±R
0
)
]
ED(p±R
0
)
exp
{
− i
~
p±R
0
(x− x0)iσi
}
(ψ±R)
D
0
}
×
× exp
{
−i(µ
±
R − µ±L)c2
2~
(t− t0)
}
. (109)
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5.3.2 Weyl-like solutions
Similar line of thought an be arried out in the Weyl basis. An elementary
alulation leads to the right-hand hiral Weyl elds in the form
(ψ±R)
W (x, t) =
{
cos
[
t− t0
~
EW (p±R
0
)
]
−
− ip±R0c
sin
[
t− t0
~
EW (p±R
0
)
]
EW (p±R
0
)
}
exp
{
− i
~
p±R
0
(x− x0)iσi
}
(ψ±R)
W
0 +
+ iµ±Lc
2
sin
[
t− t0
~
EW (p±L
0
)
]
EW (p±L
0
)
exp
{
− i
~
p±L
0
(x− x0)iσi
}
(ψ±L )
W
0 , (110)
where similarly as in the Dira-like ase we have introdued the shorten
notation (ψ±R,L)
W
0 = (ψ
±
R,L)
W (x0, t0), µ
W
± = µ
W
± =
√
µ±Lµ
±
R and
EW (p±R
0
) ≡ c2
√√√√(µW± )2 +
(
p±R
0
c
)2
. (111)
For the left-hand hiral Weyl elds one obtains the formula
(ψ±L )
W (x, t) =
{
cos
[
t− t0
~
EW (p±L
0
)
]
−
+ ip±L
0
c
sin
[
t− t0
~
EW (p±L
0
)
]
EW (p±L
0
)
}
exp
{
− i
~
p±L
0
(x− x0)iσi
}
(ψ±L )
W
0 +
+ iµ±Rc
2
sin
[
t− t0
~
EW (p±R
0
)
]
EW (p±R
0
)
exp
{
− i
~
p±R
0
(x− x0)iσi
}
(ψ±R)
W
0 . (112)
In this manner one sees that the dierene between obtained solutions
is ruial. Diret omparing of the Weyl-like solutions (110) and (112) with
the Dira-like solutions (107) and (109) shows that in the Dira basis ase
there are dierent oeients of osinuses and sinuses, there is additional
time-exponent, and moreover the funtions MD(p±R
0
) and MW (p±R
0
) having
a basi status for both the solutions also have dierent form with respet to
hoie of the Dira γ matries representation.
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5.4 Probability density. Normalization
If we know the hiral Weyl elds, then in the Dira representation, one an
derive the usual Dira elds by the following way
(ψ±)D =


(ψ±R)
D + (ψ±L )
D
2
12
(ψ±R)
D − (ψ±L )D
2
12
(ψ±R)
D − (ψ±L )D
2
12
(ψ±R)
D + (ψ±L )
D
2
12

 , (113)
where for shorten notation (ψ±)D = (ψ±)D(x, t), and (ψ±R,L)
D = (ψ±R,L)
D(x, t).
Similarly in the Weyl representation, the Dira elds an be determined as
(ψ±)W =
[
(ψ±L )
W
12 02
02 (ψ
±
R)
W
12
]
, (114)
where also we have used the shorten notation (ψ±)W = (ψ±)W (x, t), and
(ψ±R,L)
W = (ψ±R,L)
W (x, t). It is evident now, that in general these two ases are
dierent from physial, mathematial, and omputational points of view. In
this manner, if we onsider the quantum mehanial probability density and
its normalization, we are fored to relate the Lorentz invariant probability
density to the hosen representation
ΩD,W ≡ (ψ¯±)D,W (ψ±)D,W , (115)∫
d3xΩD,W = 14. (116)
Using of (113) by elementary alulation one obtains
ΩD =


(ψ¯±R)
D(ψ±R)
D + (ψ¯±L)
D(ψ±L )
D
2
12
(ψ¯±R)
D(ψ±R)
D − (ψ¯±L)D(ψ±L )D
2
12
(ψ¯±R)
D(ψ±R)
D − (ψ¯±L)D(ψ±L )D
2
12
(ψ¯±R)
D(ψ±R)
D + (ψ¯±L)
D(ψ±L )
D
2
12

 ,
(117)
By appliation of (114) the probability density (115) beomes
ΩW =
[
(ψ¯±R)
W (ψ±R)
W
12 02
02 (ψ¯±L)
W (ψ±L )
W
12
]
. (118)
Employing the normalization ondition (116) in the Dira representation one
obtains the system of equations
1
2
(∫
d3x(ψ¯±R)
D(ψ±R)
D +
∫
d3x(ψ¯±L)
D(ψ±L )
D
)
= 1, (119)
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1
2
(∫
d3x(ψ¯±R)
D(ψ±R)
D −
∫
d3x(ψ¯±L)
D(ψ±L )
D
)
= 0, (120)
whih leads to ∫
d3x(ψ¯±R)
D(ψ±R)
D = 1, (121)∫
d3x(ψ¯±L)
D(ψ±L )
D = 1. (122)
In the ase of Weyl representation one reeives straightforwardly∫
d3x(ψ¯±R)
W (ψ±R)
W = 1, (123)∫
d3x(ψ¯±L)
W (ψ±L )
W = 1. (124)
In this manner one sees that in fat both the onditions (121), (122) and
(123), (124)) are invariant with respet to hoie of gamma matries repre-
sentations ∫
d3x(ψ¯±R,L)
D,W (ψ±R,L)
D,W = 1, (125)
that means they are physial. Using of the fat that full spae-time evolution
is determined as
(ψ±R,L)
D,W (x, t) = UD,W (t, t0)(ψ
±
R,L)
D,W (x, t0), (126)[
UD,W (t, t0)
]†
UD,W (t, t0) = 12, (127)
one nds easily the ondition∫
d3x(ψ¯±R,L)
D,W (x, t0)(ψ
±
R,L)
D,W (x, t0) = 1. (128)
By using of the spatial evolution (94) one obtains the relation
C
∫
d3x
(
12 +
(x− x0)i
|x− x0| ℑσ
i sin
∣∣∣∣∣2p
±
R,L
0
~
(x− x0)i
∣∣∣∣∣
)
= 1, (129)
where C ≡ ∣∣(ψ±R,L)D,W (x0, t0)∣∣2 is a onstant, and ℑσi = σi − σi†2i is a imagi-
nary part of the vetor σi. The deomposition σi = [σx, 0, σz] + i[0,−iσy , 0]
yields ℑσi = [0,−iσy, 0], and the equation (129) beomes
C
∫
d3x
(
12 − i(x− x0)y|x− x0| σy sin
∣∣∣∣∣2p
±
R,L
0
~
(x− x0)i
∣∣∣∣∣
)
= 1. (130)
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Introduing the hange of variables (x− x0)i → x′i in the following way
x′i ≡ 2
p±R,L
0
~
(x− x0)i, (131)
and the eetive volume V ′ due to the vetor x′i
V ′12 =
∫
d3x′
{
12 − iσyx′y sin |x
′|
|x′|
}
, (132)
the equation (130) an be rewritten in the form∫
d3x′V ′12 =
1
C
12, (133)
so that one obtains easily
(ψ±R,L)
D,W (x0, t0) =
(
2
p±R,L
0
~
)3/2
1√
V ′
exp iθ±, (134)
where θ± are arbitrary onstant phases. The volume (132) diers from the
standard one by the presene of the extra axial (y) volume Vy
Vy = −iσy
∫
d3x′x′y
sin |x′|
|x′| , (135)
whih is the axial eet and has nontrivial feature, namely
Vy =


0 on finite symmetrical spaces
∞ on infinite symmetrical spaces
<∞ on sections of symmetrical spaces
. (136)
One sees now that the normalization is stritly speaking dependent on the
hoie of a region of integrability. For innite symmetri spatial regions this
proedure is not well dened, beause the axial eet is innite. However, one
an onsider some reasonable ases that onsider the quantum theory on nite
symmetri spatial regions. Moreover, the problem of integrability is dened
with respet to hoie of the initial momentum of the Weyl hiral elds p±R,L
0
.
In fat there are many possible nonequivalent physial situations onneted
with a onrete hoie of this eigenvalue. The one of this type situations
related to a nite symmetri spatial region, we are going to disuss in the
next setion as the example of the massive neutrinos model, whih in general
was solved in this paper.
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6 The reasonable ase
Let us onsider nally the reasonable ase, that is based on the normalization
in a nite symmetrial box and putting by hands the value of initial momenta
of the hiral Weyl elds aording to the Speial Relativity
p±R,L
0
= µ±R,Lc. (137)
For that simplied ase the normalization disussed in the previous setion
leads to the following initial data ondition
(ψ±R,L)
D,W (x0, t0) =
√(
2
c
~
)3 µ3R,L
V ′
exp iθ± =
1√
V
exp iθ±, (138)
where V =
∫
d3x. Introduing the funtion ED(x, y)
ED(x, y) ≡ c2
√(
x+ y
2
)2
+ x2, (139)
the right- and the left-hand hiral Weyl elds in the Dira representation
take the following form
(ψ±R)
D(x, t) =
{[
cos
[
t− t0
~
ED(µ±R, µ
±
L)
]
−
− i µ
D
±c
2
ED(µ±R, µ
±
L)
sin
[
t− t0
~
ED(µ±R, µ
±
L)
]]
exp
{
−ic
~
µ±R(x− x0)iσi
}
−
− i µ
±
Lc
2
ED(µ±L , µ
±
R)
sin
[
t− t0
~
ED(µ±L , µ
±
R)
]
exp
{
−ic
~
µ±L(x− x0)iσi
}}
×
× 1√
V
exp
{
i
[
θ± − (µ
±
R − µ±L)c2
2~
(t− t0)]
]}
. (140)
and
(ψ±L )
D(x, t) =
{[
cos
[
t− t0
~
ED(µ±L , µ
±
R)
]
+
+ i
µD±c
2
ED(µ±L , µ
±
R)
sin
[
t− t0
~
ED(µ±L , µ
±
R)
]]
exp
{
−ic
~
µ±L(x− x0)iσi
}
−
− i µ
±
Rc
2
ED(µ±R, µ
±
L)
sin
[
t− t0
~
ED(µ±R, µ
±
L)
]
exp
{
−ic
~
µ±R(x− x0)iσi
}}
×
× 1√
V
exp
{
i
[
θ± − (µ
±
R − µ±L)c2
2~
(t− t0)]
]}
. (141)
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Similarly, introduing the funtion EW (x, y)
EW (x, y) ≡ c2
√
xy + x2, (142)
for the studied ase the right- and the left-hand hiral Weyl elds in the Weyl
representation have a form
(ψ±R)
W (x, t) =
exp iθ±√
V
{[
cos
[
t− t0
~
EW (µ±R, µ
±
L)
]
−
− iµ
±
Rc
2
EW (µ±R, µ
±
L)
sin
[
t− t0
~
EW (µ±R, µ
±
L)
]]
exp
{
−ic
~
µ±R(x− x0)iσi
}
+
+
iµ±Lc
2
EW (µ±L , µ
±
R)
sin
[
t− t0
~
EW (µ±L , µ
±
R)
]
exp
{
−ic
~
µ±L(x− x0)iσi
}}
, (143)
and
(ψ±L )
W (x, t) =
exp iθ±√
V
{[
cos
[
t− t0
~
EW (µ±L , µ
±
R)
]
−
− iµ
±
Lc
2
EW (µ±L , µ
±
R)
sin
[
t− t0
~
EW (µ±L , µ
±
R)
]]
exp
{
−ic
~
µ±L(x− x0)iσi
}
+
+
iµ±Rc
2
EW (µ±R, µ
±
L)
sin
[
t− t0
~
EW (µ±R, µ
±
L)
]
exp
{
−ic
~
µ±R(x− x0)iσi
}}
. (144)
The reasonable ase onsidered above is only the example following
from the massive neutrinos model given by the massive Weyl equations (21)
obtained due to the Snyder model of nonommutative geometry (11), and
naturally it is not the only ase. Atually there are many other possibilities
for determination of the relation between the initial eigenmomentum values
p±R,L
0
and the masses µ±R,L of the right- and left- hand hiral Weyl elds ψ
±
R,L.
However, the onrete hoie (137) tested in this setion presents a ruial
reasonability ontained in its speial-relativisti-like harater. Naturally
this hoie is onneted with the speial equivalene priniple applied to
the massive neutrinos in at the beginning of their spae-time evolution, i.e.
E±R,L = µ
±
R,Lc
2 = p±R,L
0
c. This ase, however, is also nontrivial from the
high energy physis point of view [13℄, namely it is related to the region of
ultra-high energies, widely onsidered in the modern astrophysis (See e.g.
[14℄ and suitable referenes therein). So, the presented reasonable ase of the
massive neutrinos evolution in fat desribes their physis in this region, and
has possible natural appliation in ultra-high energy astrophysis.
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7 Outlook
In this paper we have disussed in some detail the onsequenes of the mas-
sive neutrinos model arising due to the Snyder model of nonommutative
geometry. The massive neutrinos model is a onsequene of the Dira equa-
tions for a usual relativisti quantum state supplemented by the generalized
γ5-term [1℄. In fat, Sidharth has suggested that this term ould give a neu-
trino mass, however, in spite of a good physial intuition he has nished
onsiderations on a laoni statement only, with no any onrete alulations
and propositions for a generation mehanism of neutrinos masses [15℄.
First we have onsidered the physial status of the Snyder model. By
detailed alulation we have shown that, in ontrast to Speial Relativity
theory, within the massive neutrinos model an energy of any original rela-
tivisti massive or massless quantum state is stritly renormalized due to a
maximal energy, diretly related to a minimal sale ℓ being the deformation
parameter in the Snyder nonommutative geometry. In this manner the Sny-
der model has reeived a deep physial sense, that is in some partial relation
to the MarkovKadyshevsky approah [9℄.
Next the integrability problem of the massive neutrinos model was de-
tailed disussed. First we have onsidered the modied Dira equations,
whih rewritten in the Shrödinger form have yielded manifestly nonhermi-
tian Hamiltonian being a sum of a hermitian and a antihermitian parts. By
employing the 4th order approximation of the Zassenhaus formula we have
proven that the proedure is not algorithm by the presene of the yli
problem in exponentialization. Consequently, the Dira equations are not
integrable exatly. By this formal reason we have redened the integrabil-
ity problem with respet to the massive Weyl equations orresponding to
the Dira equations. The massive Weyl equations was also rewritten in the
Shrödinger form, and by using of both the Dira and the Weyl represen-
tations of the Dira γ matries, we have onstruted its analytial exat
solutions. We have shown that the normalizability of a solution is orretly
dened only for speial regions of spatial integration, i.e. setions of sym-
metri spaes or nite symmetri spaes.
Finally, the ase related to ultra-high energy physis and astrophysis was
shortly disussed. The all obtained results in general present interesting new
physial ontent. In itself the investigated quantum-mehanial approah to
the massive Weyl equation is novel. There are still possible appliations of the
proposed massive neutrinos model to phenomenology of partile physis and
astrophysis, espeially in the ultra-high energy region. The open question
is the gauge eld theory related to the massive neutrinos model, possessing
some features of QCD.
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